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Abstract
We describe an approach to the noncommutative instantons on the 4–sphere
based on quantum group theory. We quantize the Hopf bundle S7 → S4 mak-
ing use of the concept of quantum coisotropic subgroups. The analysis of the
semiclassical Poisson–Lie structure of U(4) shows that the diagonal SU(2)
must be conjugated to be properly quantized. The quantum coisotropic sub-
group we obtain is the standard SUq(2); it determines a new deformation of
the 4–sphere Σ4q as the algebra of coinvariants in S
7
q. We show that the quan-
tum vector bundle associated to the fundamental corepresentation of SUq(2)
is finitely generated and projective and we compute the explicit projector. We
give the unitary representations of Σ4q, we define two 0–summable Fredholm
modules and we compute the Chern–Connes pairing between the projector
and their characters. It comes out that even the zero class in cyclic homology
is non trivial.
1 Introduction
Since the work [25] on instantons on noncommutative R4 a lot of attention has been
devoted to the problem of gauge theories on noncommutative four manifolds. In
ordinary differential geometry, the topological properties of instantons in R4 are
better understood by studying fibre bundles on the sphere S4. In noncommutative
geometry this is not an easy task: it is more natural to define the problem directly
on the noncommutative sphere.
Very recently, in [10] and [12] two different deformations of S4 were proposed.
The one in [10] preserves the property of having zero the first Chern class which
is not trivial in [12]. In this second case the deformation is a suspension of the
quantum 3–sphere SUq(2) obtained by adding a central generator.
In this paper we propose an alternative approach, based more directly on quan-
tum groups and on Hopf algebraic techniques.
In noncommutative geometry finitely generated projective modules, i.e. the
quantum vector bundles, are the central object to develop gauge theories. From this
point of view there is no obvious notion of structure group. Quantum groups provide
a construction of quantum vector bundles which is closer to ordinary differential
geometry. The first attempts go back to [14], [26] and [6], where the gauge theory is
developed starting from the notion of Hopf–Galois extension, which is the analogue
of principal bundles in the Hopf algebra setting, see [28]. The associated quantum
vector bundles have a Hopf algebra on the fiber and, if they admit a connection, are
finitely generated and projective modules [11].
Although this definition works in principle, it is not enough to explain all known
interesting examples. This problem is better understood if we concentrate on the
specific class of principal bundles given by homogeneous spaces. A quantum ho-
mogeneous space is an example of Hopf–Galois extension only if it is obtained as
quotient by a quantum subgroup (i.e. a Hopf algebra quotient). But quantum sub-
groups are very rare. For instance between the quantum 2–spheres introduced by
Podles` in [27] only one, the standard one, is such an example. It is necessary to
generalize the notion of subgroup, allowing a more general quotient procedure. This
is possible by using quantum coisotropic subgroups: they are quotient by a coideal,
right (or left) ideal, so that they inherit only the coalgebra, while the algebra struc-
ture is weakened to a right (or left) module. Their semiclassical interpretation is
illuminating: in a Poisson–Lie group every Poisson (resp. coisotropic) subgroup
can be quantized to a quantum (resp. coisotropic) subgroup (see [8]). Nevertheless
conjugation, which does not change topology, can break Poisson properties: for in-
stance a subgroup conjugated to a Poisson subgroup can be only coisotropic or can
have no Poisson properties at all (see for instance SL(2,R) in [3]). Coisotropic sub-
groups can be quantized and give rise to inequivalent quantum homogeneous spaces:
for instance all the Podles` quantum spheres are obtained as quotient of coisotropic
U(1). The general scheme to describe such examples could be the so called C–Galois
extensions, see for instance [5, 4].
The principal bundle on S4 corresponding to SU(2) instantons with charge −1
has S7 = U(3)\U(4) as total space and the action on the fibre is obtained by consid-
ering SU(2) as diagonal subgroup of U(4). In this description S4 is the double coset
U(3)\U(4)/SU(2). In the quantum setting, odd spheres were obtained in [30] as ho-
mogeneous spaces of Uq(N) with respect to the quantum subgroup Uq(N−1) so that
the left quotient is easily quantized. The right quotient is more problematic because
the diagonal SU(2) doesn’t survive in the quantization of U(4); indeed the analysis
of the limit Poisson structure on U(4) shows that it is not coisotropic. We then
have to look for coisotropic subgroups in the conjugacy class of the diagonal one.
It comes out that there is at least one which defines what we call the Poisson Hopf
2
bundle in S4 (Proposition 3). In this bundle, which is topologically equivalent to the
usual Hopf bundle, both the total and the base spaces are Poisson manifolds and
the projection is a Poisson map. Its quantization is straightforward: the quantum
coisotropic subgroup turns out to be equivalent as coalgebra to SUq(2) (Proposition
4) and the algebra of functions over the quantum 4–sphere Σ4q is then obtained as
the subalgebra of coinvariants in S7q with respect to this SUq(2) (Proposition 6).
This deformation of the algebra of functions on S4 is different from those introduced
in [10] and [12]. We then study the quantum vector bundle associated to the funda-
mental corepresentation of SUq(2) and give the explicit projector (Proposition 7).
We describe the unitary irreducible representations of Σ4q (Equation 7 and 8); there
is a 1–dimensional representation and an infinite dimensional one realized by trace
class operators (Proposition 8). Finally we study the Chern class in cyclic homology
of the projector and compute the Chern–Connes pairing with a trace induced by
the trace class representation (Proposition 10). It comes out that, on the contrary
with [10] and [12], they are all non trivial. This result is the analogue of what was
obtained in [22, 18] for the standard Podles` 2–sphere.
2 Quantization of Coisotropic Subgroups
A Poisson–Lie group (G, {, }) is a Lie group G with a Poisson bracket {, } such that
the multiplication map m : G×G → G is a Poisson map with respect to the product
Poisson structure in G×G. The Poisson bracket {, } is identified by a bivector ω (i.e.
a section of
∧2 TG) such that {φ1, φ2}(x) = ω(x)(dxφ1, dxφ2). (For more details see
[7] and [29])
Every Poisson–Lie group induces a natural bialgebra structure on g = Lie(G)
which will be called the tangent bialgebra of G. Indeed, δ : g → g ∧ g is defined by
〈X, de{f, g}〉 = 〈δ(X), f ⊗ g〉, where X ∈ g and f, g ∈ C
∞(G).
The point we want to discuss is the behaviour of subgroups and corresponding
homogeneous spaces with respect to the Poisson structure. A Lie subgroup H of G
is called a Poisson–Lie subgroup if it is also a Poisson submanifold of G, i.e. if the
immersion map ı : H → G is a Poisson map. There are various characterizations
for such subgroups: as invariant subspaces for the dressing action or as union of
symplectic leaves [21].
The property of being a Poisson–Lie subgroup is, evidently, a very strong one.
We need then to characterize a family of subgroups satisfying weaker hypothesis
with respect to the Poisson structure.
In Poisson geometry a submanifold N of a Poisson manifold (M,ω) is said to
be coisotropic if ω
∣∣
Ann(TN)
= 0, where Ann(TxN) = {α ∈ T
∗
x (M) |α(v) = 0 ∀v ∈
TxN}. Coisotropy can be formulated very neatly as an algebraic property at the
function algebra level (see [29]). Indeed a locally closed submanifold N of the Poisson
manifold (M,ω) is coisotropic if and only if for every f, g ∈ C∞(M)
f
∣∣
N
= 0, g
∣∣
N
= 0⇒ {f, g}
∣∣
N
= 0 .
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Thus locally closed coisotropic submanifolds correspond to manifolds whose defining
ideal is not a Poisson ideal but only a Poisson subalgebra.
A Lie subgroup H of (G, ω) is said a coisotropic subgroup if it is coisotropic
as Poisson submanifold. In the connected case there are nice characterizations, as
shown for example in [20]; we will need the following one:
Proposition 1 A connected subgroup H of (G, ω) with h = LieH is coisotropic iff
δ(h) ⊂ g ∧ h and it is Poisson–Lie iff δ(h) ⊂ h ∧ h.
Given a Poisson–Lie group G and a coisotropic subgroupH the natural projection
map G → H\G coinduces a Poisson structure on the quotient. If K is a second
subgroup of G a condition which guarantees that even the projection on the double
coset is Poisson is given by the following:
Proposition 2 ([20]) Let (M,ωo) be a Poisson manifold with a Poisson action of
a Poisson–Lie group (G, ω). Let K be a coisotropic connected subgroup of G. If the
orbit space M/K is a manifold there exists a unique coinduced Poisson bracket such
that the natural projection M →M/K is Poisson.
We now recall how these concepts can be translated in a Hopf algebra setting, (see
[2, 8] for more details). Given a real quantum group (A, ∗,∆, S, ǫ) we will call real
coisotropic quantum right (left) subgroup (K, τK) a coalgebra, right (left) A–module
K such that:
i) there exists a surjective linear map π : A → K, which is a morphism of
coalgebras and of A–modules (where A is considered as a module on itself via
multiplication);
ii) there exists an antilinear map τK : K → K such that τK ◦ π = π ◦ τ , where
τ = ∗ ◦ S.
A ∗–Hopf algebra S is said to be a real quantum subgroup of A if there exists a
∗–Hopf algebra epimorphism π : A → S; evidently this is a particular coisotropic
subgroup. We remark that a coisotropic quantum subgroup is not in general a
∗–coalgebra but it has only an involution τK defined on it.
Right (left) coisotropic quantum subgroups are obviously characterized by the
kernel of the projection, which is a τ–invariant two–sided coideal, right (left) ideal
in A. It is easy to verify that if the kernel is also ∗–invariant then it is an ideal and
the quotient is a real quantum subgroup.
A ∗–algebra B is said to be an embeddable quantum left (right) A–homogeneous
space if there exists a coaction µ : B → B ⊗ A, (µ : B → A⊗ B) and an injective
morphism of ∗–algebras ı : B → A such that ∆◦ ı = (ı⊗ id)◦µ (∆◦ ı = (id⊗ ı)◦µ).
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Embeddable quantum homogeneous spaces can be obtained as the space of coin-
variants with respect to the coaction of coisotropic quantum subgroups. For instance
if K is a right (left) subgroup and ∆π = (id⊗ π)∆ ( π∆ = (π ⊗ id)∆ ), then
Bπ = {a ∈ A |∆πa = a⊗ π(1)} (
πB = {a ∈ A | π∆a = π(1)⊗ a} ),
is an homogeneous space with µ = ∆.
If ρ : V → K⊗ V is a corepresentation of K, we define the cotensor product as
Aρ V = {F ∈ A⊗ V | (∆π ⊗ id)F = (id⊗ ρ)F} .
We have that Aρ V is a left B
π–module. Let ρ be unitary and {ei} be an or-
thonormal basis of V ; if F =
∑
i Fi ⊗ ei, let’s define 〈F,G〉 =
∑
i FiG
∗
i . It is shown
in [2] that 〈, 〉 is a sesquilinear form on Aρ V with values in B
π.
The correspondence between coisotropic quantum subgroups and embeddable
quantum homogeneous spaces is bijective only provided some faithful flatness condi-
tions on the module and comodule structures are satisfied (see [23] for more details).
The role of coisotropic subgroups can also be appreciated in the context of formal
and algebraic equivariant quantization. While it is known that not every Poisson
homogeneous space admits such quantization, it holds true that every quotient of
a Poisson–Lie group by a coisotropic subgroup can be equivariantly quantized. Al-
though such quotients do not exhaust the class of quantizable Poisson spaces they
provide a large subclass in it. Furthermore in functorial quantization they corre-
spond to embeddable quantum homogeneous spaces. More on the subject can be
found in [15].
3 The Classical Instanton with k = −1
In this section we review the construction of the principal bundle corresponding
to instantons with topological charge k = −1 (see [1]). We denote with H the
quaternions generated by i, j, k with the usual relations i2 = j2 = k2 = −1,
and ij = −ji = k, jk = −kj = i, ki = −ik = j. The total space of the
bundle is defined as E = {(q1, q2) ∈ H
2 | |q1|
2 + |q2|
2 = 1}, the base space is
P1(H) = {[(q1, q2)] | (q1, q2) ≃ (q1λ, q2λ), (q1, q2) ∈ H
2, λ ∈ H} and the bundle pro-
jection is p(q1, q2) = [(q1, q2)]. The fibre is SU(2) which acts on H
2 by the diagonal
right multiplication of quaternions of unit modulus. The quaternionic polynomial
functions B = Pol(P1(H)) on the base space are generated by R = q1q¯1 andQ = q1q¯2,
with the relation |Q|2 = R(1− R).
The fundamental representation of SU(2) can be realized again by right multi-
plication of unit quaternions on H. The space E of sections of the associated vector
bundle is the space of equivariant functions s : E → H, i.e. such that s(q1, q2)λ =
s(q1λ, q2λ), for |λ| = 1. It is generated as a left B–module by s1(q1, q2) = q1
and s2(q1, q2) = q2 and it has an hermitian structure 〈, 〉 : E × E → B given by
〈s1, s2〉 = s1s¯2.
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We can define G ∈ M2(B) with Gij = 〈si, sj〉. By direct computation we obtain
that
G = G2 =
(
R Q
Q¯ 1− R
)
. (1)
It is easy then to verify that E ≃ B2G.
For our future purposes, we have to describe this bundle in a Hopf algebraic
language. We first remark that E is isomorphic to S7 = U(3)\U(4) and P1(H) to
S4 = U(3)\U(4)/SU(2).
Let tf = {tij}
4
ij=1 define the fundamental representation of U(4). Then ∆(tij)=∑
k tik⊗tkj and let ℓ : Pol(U(4))→ Pol(U(3)) be the Hopf algebra projection defined
by ℓ(t4j) = ℓ(tj4) = 0 for j = 1, 2, 3, and ℓ(t44) = 1. The algebra of polynomial
functions on S7 is given by the coinvariants ℓPol(U(4)) and it is generated by zi = t4i
with the relation
∑
i |zi|
2 = 1. Let r : Pol(U(4))→ Pol(SU(2)) be the Hopf algebra
projection defined by
r(t) =


α β 0 0
−β∗ α∗ 0 0
0 0 α β
0 0 −β∗ α∗

 , |α|2 + |β|2 = 1 .
As usual Pol(U(4)/SU(2)) is obtained as the space of coinvariants Pol(U(4))r. The
algebra of polynomial functions on S4 is ℓPol(U(4)) ∩ Pol(U(4))r and is generated
by R = |z1|
2 + |z2|
2, A = z1z
∗
3 + z2z
∗
4 and B = z1z4 − z2z3, with the relation
|A|2 + |B|2 = R(1− R).
Let τf : C
2 → Pol(SU(2))⊗C2 be the fundamental corepresentation of Pol(SU(2))
τf
(
e1
e2
)
=
(
α β
−β∗ α
)
⊗
(
e1
e2
)
.
The left Pol(S4)–module of sections of the associated vector bundle is obtained as
E = Pol(S7)τf C
2
. As a Pol(S4)–module, E is generated by
f1 =
(
z1
z2
)
, f2 =
(
z∗2
−z∗1
)
, f3 =
(
z3
z4
)
, f4 =
(
z∗4
−z∗3
)
.
With the usual hermitian structure we define G ∈ Pol(S4)⊗M4(C) withGij = 〈fi, fj〉
and obtain that
G = G2 =


R 0 A B
0 R −B∗ A∗
A∗ −B 1− R 0
B∗ A 0 1− R

 . (2)
With the usual representation of H as C2, where (z1, z2) is identified with z1+z2j,
it is easy to verify that Q = A − Bj, f1 = q1, f2 = −jq1, f3 = q2 and f4 = −jq2.
Once we introduce the representation of the quaternions with Pauli matrices it is
easy to verify that (1) and (2) define the same projector.
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4 Poisson Hopf bundle on S4
Let us identify g = u(4) = LieU(4) with its defining representation by antihermitian
4× 4 matrices. The SU(2) generators of the Dynkin diagram are, for i = 1, 2, 3
Hi = i (eii − ei+1,i+1) , Ei =
1
2i
(ei,i+1 + ei+1,i) , Fi =
1
2
(ei,i+1 − ei+1,i) ,
where eij are the elementary matrices with entries (eij)kl = δikδjl and the central
generator is H = iI. The Poisson–Lie structure of U(4) is defined by the canonical
coboundary bialgebra given on these generators by
δR(Hi) = 0, δR(H) = 0, δR(Ei) = Ei ∧Hi, δR(Fi) = Fi ∧Hi . (3)
The generators h = 1
4
H1 +
1
2
H2 +
3
4
H3 +
3
4
H and {Hi, Ei, Fi}i=1,2 define the
embedding of u(3) in u(4) that we want to study; from relations (3) we have that
δR(u(3)) ⊂ u(3) ∧ u(3) so that U(3) is a Poisson Lie subgroup.
Let us fix on S7 = U(3)\U(4) the coinduced Poisson bracket (S7, {, }). The
bracket on S7 can be written as the restriction of the following bracket in C4: if zi,
i = 1, . . . , 4, denote complex coordinates we let
{zi, zj} = zizj, 1 ≤ i < j ≤ 4 {z
∗
i , z
∗
j } = −z
∗
i z
∗
j , 1 ≤ i < j ≤ 4
{zi, z
∗
j } = −ziz
∗
j , 1 ≤ i 6= j ≤ 4 {z
∗
j , zj} =
∑
i<j
zjz
∗
j .
More detailed information can be found in [30].
The Lie algebra of the diagonal SU(2)d is su(2)d = 〈H1 +H3, E1 +E3, F1 +F3〉;
using (3) it is easy to verify that δR(su(2)
d) 6⊂ su(2)d ∧ u(4) so that SU(2)d is not
a coisotropic subgroup. We then have to solve the following problem:
Does there exist any g ∈ U(4) such that δR(Adg(su(2)
d)) ⊂ Adg(su(2)
d) ∧ u(4),
i.e. such that gSU(2)dg−1 is coisotropic ?
We give a positive answer to this question. By direct computation we verify that
if
g =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 −1 0

 ∈ U(4) ,
then SU(2)dg = gSU(2)
dg−1 is a coisotropic subgroup of U(4). This is not the only
solution but the general problem will be studied elsewhere. The projection onto this
subgroup is then defined by
rg(t) =


α β 0 0
−β∗ α∗ 0 0
0 0 α∗ β∗
0 0 −β α

 , |α|2 + |β|2 = 1 . (4)
7
The right action of SU(2)dg on S
7 ≃ U(3)\U(4) is free and defines a principal
bundle on S4 ≃ U(3)\U(4)/SU(2)dg which is isomorphic to the Hopf bundle. Indeed
it is easy to verify that i : S7 → S7, i(z1, z2, z3, z4) = (z1, z2,−z4, z3) is a bundle
morphism. Nevertheless since SU(2)dg is coisotropic on U(4), thanks to Proposition
2, a Poisson structure is coinduced on the base and the projection S7 → S4 is a
Poisson map. We call this bundle a Poisson principal bundle.
The Poisson structure can be explicitly described by the restriction of the bracket
of S7 to the subalgebra generated by the following coinvariant functions
R = z1z
∗
1 + z2z
∗
2 , a = z1z
∗
4 − z2z
∗
3 , b = z1z3 + z2z4 ,
which satisfy |a|2 + |b|2 = R(1− R) . Easy calculations prove that:
{a, R} = −2aR, {b, R} = 2bR, {a, b} = −3ab, {a, b∗} = ab∗,
{a, a∗} = −2aa∗ + 2R2, {b, b∗} = 4bb∗ − 2R .
This Poisson algebra has clearly zero rank in R = 0. Let R 6= 0 and define
ζ1 = a/R, ζ2 = b/R. Geometrically we’re just giving cartesian coordinates on the
stereographic projection on C2. Poisson brackets between these new coordinates are
given by:
{ζ1, ζ2} = ζ1ζ2, {ζ1, ζ
∗
1} = 2(1 + |ζ1|
2),
{ζ1, ζ
∗
2} = ζ1ζ
∗
2 , {ζ2, ζ
∗
2} = −2(1 + |ζ1|
2 + |ζ22 |) .
(5)
Such brackets define a symplectic structure on the 4–dimensional real space R4 (it
can be proven, in fact that the corresponding map between cotangent and tangent
bundle has fixed maximal rank). The covariant Poisson bracket on S4 has thus a
very simple foliation given by a 0–dimensional leaf and a 4–dimensional linear space.
We summarize this discussion in the following Proposition.
Proposition 3 The embedding of SU(2)dg into U(4) defines a coisotropic subgroup.
The corresponding bundle S7 → S4 ≃ S7/SU(2)dg is a Poisson bundle.
5 The Quantum Σ4q
The Hopf algebra Uq(4) is generated by {tij}
4
ij=1 , D
−1
q and the following relations
(see [16]):
tiktjk = q tjktik , tkitkj = q tkjtki , i < j
tiℓtjk = tjktiℓ , i < j, k < ℓ
tiktjℓ − tjℓtik = (q − q
−1)tjktiℓ , i < j, k < ℓ
DqD
−1
q = D
−1
q Dq = 1 ,
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where Dq =
∑
σ∈P4
(−q)ℓ(σ)tσ(1)1 . . . tσ(4)4 with P4 being the group of 4–permutations,
is central. The Hopf algebra structure is
∆(tij) =
∑
k
tik ⊗ tkj , ∆(Dq) = Dq ⊗Dq ,
ǫ(tij) = δij , ǫ(Dq) = 1 ,
S(tij) = (−q)
i−j
∑
σ∈P3(j)
(−q)ℓ(σ)tσ(1)1 . . . tσ(i)i+1 . . . tσ(4)4 D
−1
q ,
the compact real structure forces us to choose q ∈ R and is defined by t∗ij = S(tji),
D∗q = D
−1
q .
Let L = Span{tj4, t4j , t44 − 1}j=1,2,3; it comes out that L = Uq(4)L is a Hopf
ideal, so that Uq(4)/L is equivalent to Uq(3) as a Hopf algebra. Let ℓ : Uq(4) →
Uq(4)/L ≃ Uq(3) be the quotient projection. The algebra S
7
q =
ℓUq(4) is generated
by zi = t4i, i = 1 . . . 4, with the following relations [30]:
zizj = qzjzi (i < j) , z
∗
j zi = qziz
∗
j (i 6= j) ,
z∗kzk = zkz
∗
k + (1− q
2)
∑
j<k
zjz
∗
j ,
4∑
k=1
zkz
∗
k = 1 .
The Uq(4)-coaction on S
7
q reads ∆(zi) =
∑
j zj ⊗ tji.
Let us now quantize the coisotropic subgroup SU(2)dg of Proposition 3. Motivated
by the projection rg in (4) let us define R = R Uq(4), where
R = Span{t13, t31, t14, t41, t24, t42, t23, t32, t11 − t44, t12 + t43,
t21 + t34, t22 − t33, t11t22 − q t12t21 − 1}
= R˙⊕ Span{t11t22 − q t12t21 − 1} .
It is easy to verify that R is a τ–invariant, right ideal, two sided coideal. Let
r : Uq(4)→ Uq(4)/R be the projection map. We have the following result:
Proposition 4 As a τ–coalgebra Uq(4)/R is isomorphic to SUq(2).
Proof. We sketch here the main lines of the proof. Let Aq(N) be the bialgebra gener-
ated by the {tij}. We first remark that r(Dq) = 1 so that Uq(4)/R ≃ Aq(4)/RAq(4).
First one can show that Aq(4)/R˙Aq(4) ≃ Aq(2). Once chosen an order in the gen-
erators tij of Aq(4), a linear basis is given by the ordered monomials in tij [17], so
that Aq(4) = Span{t
n11
11 t
n44
44 t
n12
12 t
n43
43 t
n21
21 t
n34
34 t
n22
22 t
n33
33 }. Making a repeated use of the
following relations for i < k, j < l
tnijtkl = tklt
n
ij − q
−1(1− q2n) tiltkjt
n−1
ij ,
tijt
m
kl = t
m
kltij + q (1− q
−2m) tiltkjt
m−1
kl ,
9
we get that Aq(4)/R˙Aq(4) = Span{t
n11
11 t
n12
12 t
n21
21 t
n22
22 } ≃ Aq(2). To show that this
a τ–coalgebra isomorphism is equivalent to verify that the projection r restricted
to the first quadrant of Aq(4) is a τ–bialgebra isomorphism. This can be directly
done by using the relations. Finally the quotient by the quantum determinant gives
SUq(2).
Remark 5 The projection map r : Uq(4) → SUq(2) is not a Hopf algebra map as
can be, for instance, explicitly verified on r(t11t43) 6= r(t11)r(t43).
In the following we will denote Uq(4)/R with SUq(2), but we have to be careful
that r doesn’t preserve the algebra structure but only defines a right Uq(4)–module
structure on the quotient.
By construction ∆r = (id⊗r)∆ : S
7
q → S
7
q⊗SUq(2) defines an SUq(2) coaction on
S7q . The space of functions on the quantum 4–sphere Σ
4
q is the space of coinvariants
with respect to this coaction, i.e. Σ4q = {a ∈ S
7
q |∆r(a) = a⊗ r(1)}. We describe Σ
4
q
in the following proposition whose proof is postponed in the Appendix.
Proposition 6 The algebra Σ4q is generated by {a, a
∗, b, b∗, R}, where a = z1z
∗
4 −
z2z
∗
3 , b = z1z3 + q
−1z2z4, R = z1z
∗
1 + z2z
∗
2 . They satisfy the following relations
Ra = q−2aR , Rb = q2bR , ab = q3ba , ab∗ = q−1b∗a,
aa∗ + q2bb∗ = R(1− q2R),
aa∗ = q2a∗a+ (1− q2)R2 , b∗b = q4bb∗ + (1− q2)R .
In terms of rij = r(tij) ∈ SUq(2), with i, j = 1, 2, the fundamental corepresentation
τf : C
2 → SUq(2)⊗ C
2 is written as
τf
(
e1
e2
)
=
(
r11 r12
r21 r22
)
⊗
(
e1
e2
)
.
Let E = S7q τf C
2 the associated quantum vector bundle. Let 〈(a1, a2), (b1, b2)〉 =
a1b
∗
1 + a2b
∗
2 ∈ Σ
4
q for (a1, a2), (b1, b2) ∈ E be the hermitian structure in E . Let
f1 = q(z1, z2) , f2 = q(z
∗
2 ,−qz
∗
1) , f3 = (z4,−z3) , f4 = q(z
∗
3 , q
−1z∗4) ,
and G ∈M4(Σ
4
q) such that Gij = 〈fi, fj〉. We then have the following description of
E (see the Appendix for the proof).
Proposition 7 As a Σ4q–module E is generated by fi, i = 1 . . . 4; it is isomorphic
to (Σ4q)
4G where
G = G2 =


q2R 0 qa q2b
0 q2R qb∗ −q3a∗
qa∗ qb 1−R 0
q2b∗ −q3a 0 1− q4R

 . (6)
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6 Unitary Representations of Σ4q
Let 0 < q < 1. By restriction of those of S7q , see for instance [7], we obtain the
following two inequivalent unitary representations of Σ4q. The first is one dimensional
and it is obtained as the restriction of the counit ǫ of Uq(4):
ǫ(R) = ǫ(a) = ǫ(b) = 0 . (7)
The second one σ : Σ4q → B(ℓ
2(N)⊗2) is defined by
σ(R)|n1, n2〉 = q
2(n1+n2)|n1, n2〉,
σ(a) |n1, n2〉 = q
n1+2n2−1(1− q2n1)1/2|n1 − 1, n2〉,
σ(b) |n1, n2〉 = q
n1+n2(1− q2(n2+1))1/2|n1, n2 + 1〉 . (8)
There are no other irreducible representations with bounded operators. In fact let
ρ : Σ4q → B(H) be such a representation, since ρ(R) is a bounded selfadjoint operator
and Ra = q−2aR, Rb∗ = q−2b∗R, there exists a vector |λ〉 such that ρ(R) |λ〉 = λ |λ〉
and ρ(a)|λ〉 = ρ(b∗)|λ〉 = 0. By using the relation a∗a + bb∗ = q−2R(1 − R) we
conclude that λ = 0 or λ = 1. Being ρ irreducible it can be verified that for λ = 0
we have that ρ = ǫ and for λ = 1 we have ρ = σ.
Let us remark that such irreducible (unitary) representations are in one to one
correspondence with the leaves of the symplectic foliation of the underlying Poisson
4–sphere: the 0–dimensional leaf corresponds to the counit and the symplectic R4
to the infinite dimensional representation. The representation σ has the following
important property.
Proposition 8 The operator σ(x) ∈ B(ℓ2(N)⊗2) is a trace class operator for each
x ∈ Σ¯4q = Σ
4
q/C 1.
Proof. Since the family of trace class operators I1 is a ∗–ideal in the algebra of
bounded operators, it is enough to verify the proposition on the generators σ(R),
σ(a) and σ(b). Indeed we have that tr(σ(|R|)) = tr(σ(R)) = (1 − q2)−2 and
tr(σ(|a|)) =
∑
n1,n2≥0
qn1+2n2−1(1 − q2n1)1/2 = q−1(1 − q2)−1
∑
n≥0 q
n(1 − q2n)1/2 ≤
q−1(1 − q2)−1
∑
n≥0 q
n (1 − q2n) = (1 − q)−1(1 − q3)−1. Analogously tr(|b|) ≤
(1 + q2)(1− q)−1(1− q3)−1.
Remark 9 The universal C∗–algebra C(Σ4q), defined by Σ
4
q , is the norm closure of
σ(Σ4q). By Proposition 8 we have that σ(Σ
4
q) \ C1 is contained in the algebra K of
compact operators on B(ℓ2(N)⊗2). Using Proposition 15.16 of [13] we conclude that
C(Σ4q) is isomorphic to the unitization of compacts.
Note that, though different at an algebraic level, it is not possible to distinguish
from their C*–algebras our 4–sphere and the standard Podles` sphere S2q(c, 0) in
[22, 27]. A possible explanation for this peculiarity stands in the fact that the space
of leaves of the underlying symplectic foliations are homeomorphic.
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Let H = ℓ2(N)⊗2⊕ ℓ2(N)⊗2 and π =
(
σ 0
0 ǫ
)
, γ =
(
1 0
0 −1
)
. As a consequence
of Proposition 8 we have that (H, π) is a 0–summable Fredholm module whose
character is trσ = tr (σ − ǫ). By explicit computation we have trσ(1) = 0 and
trσ(R
k) =
1
(1− q2k)2
(k > 0) , trσ(a) = trσ(b) = 0 ,
trσ(aa
∗) =
1
(1− q4)2
, trσ(bb
∗) =
1
(1− q2)(1− q4)
. (9)
In the representation σ, R is an invertible operator. This suggests the possibility
of realizing a quantum stereographic transformation on a deformation of C2, that we
will denote C2q . Let us define ζ1 = R
−1a, ζ2 = bR
−1; by direct computation we find
that they satisfy the following relations:
ζ1ζ2 = q
−1ζ2ζ1, ζ1ζ
∗
1 = q
−2ζ∗1ζ1 + (1− q
2),
ζ1ζ
∗
2 = q
−1ζ∗2ζ1, ζ2ζ
∗
2 = q
2ζ∗2ζ2 − (1− q
2)(q2 + ζ∗1ζ1) .
(10)
One can verify that the algebra C2q quantizes the symplectic structure on C
2 seen in
(5).
7 Chern–Connes paring of G
Let us compute the Chern classes in cyclic homology associated to the projector G.
We briefly recall some basic definitions and results from cyclic homology, see [9] and
[19] for any details.
Let A be an associative C–algebra. Let di(a0⊗a1 . . .⊗an) = a0⊗ .. aiai+1..⊗an,
for i = 0, . . . n − 1 and dn(a0 ⊗ a1 . . . ⊗ an) = ana0 ⊗ a1 . . . ⊗ an−1; the Hochschild
boundary is defined as β =
∑n
i=0(−)
idi and the Hochschild complex is (C∗(A), β),
with Cn(A) = A
⊗n+1. As usual we denote Hochschild homology with HH∗(A).
Let t(a0⊗a1⊗ . . . an) = (−)
na1⊗ . . . an⊗a0 be the cyclic operator and C
λ
n(A) =
A⊗n+1/(1 − t)A⊗n+1. The Connes complex is then (Cλ∗ (A), β); its homology is de-
noted as Hλ∗ (A). For each projector G ∈ Mk(A), i.e. G
2 = G, the Chern class is
defined as chλn(G) = Tr[(−)
nG⊗2n+1] ∈ Hλ2n(A), where Tr : Mk(A)
⊗n → A⊗n is the
generalized trace, i.e. Tr[M1 ⊗ . . .⊗Mn] =
∑
j[M1]j1j2 ⊗ [M2]j2j3 . . .⊗ [Mn]jnj1.
Let I : A⊗n+1 → Cλn(A) be the projection map and let x ∈ A
⊗n be such that
I(x) is a cycle which induces [I(x)] ∈ Hλn . Let us define the periodicity map S :
Hλn → H
λ
n−2, as
S([I(x)]) = −
1
n(n− 1)
[I(
∑
0≤i<j≤n
(−)i+jdidj(x))] .
There is then a long exact sequence in homology:
. . .→ HHn(A)
I
→ Hλn(A)
S
→ Hλn−2
B
→ HHn−1(A) . . . , (11)
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where B is an operator we don’t need to define. With our normalization of the
Chern character, we have that for each projector G
S(chλn(G)) = −
1
2(2n− 1)
chλn−1(G) . (12)
Let G ∈M4(Σ
4
q) be the projector defined in Proposition 7. Then
chλ0(G) = [Tr(G)] = [2− (1− q
2)2 R] ∈ Hλ0 .
The character trσ of the Fredholm module (H, π) given in (9) is a well defined
cyclic 0–cocycle on Σ4q . We then have that trσ(ch
λ
0(G)) = −1 and conclude that
chλ0(G) defines a non trivial cyclic cycle in H
λ
0 (Σ
4
q); using the S–operator (12) and
Connes sequence (11) we conclude that chλ1 and ch
λ
2 define non trivial classes in
cyclic homology and are not Hochschild cycles. Since trσ is the character of a
Fredholm module, the integrality of the pairing is a manifestation of the so called
noncommutative index theorem [9]. We summarize this discussion in the following
proposition.
Proposition 10 The projector G defined in (6) defines non trivial cyclic homology
classes chλn(G) ∈ H
λ
2n. The Chern–Connes pairing with trσ defined in (9) is:
〈trσ, G〉 = −1 .
Appendix. Proof of Proposition 6 and 7
To prove Proposition 6 and 7 we use the strategy adopted by Nagy in [24]. His
argument is based on the general fact that the corepresentation theory of compact
quantum groups is “equivalent” to the classical one. This equivalence is realized by
a bijective map between quantum and classical finite dimensional corepresentations:
this map preserves direct sum, tensor product and dimension. The fact that we
deal with coisotropic subgroups requires some additional care. The projection r
induces a mapping r[ρ] = (id ⊗ r)ρ from the corepresentations of Uq(4) into the
corepresentations of SUq(2), since r is not an algebra morphism it is not obvious
that this mapping preserve the tensor product. However in our case the following
lemma can be proved:
Lemma 11 Let tf and tfc be the fundamental and its contragredient corepresenta-
tion of Uq(4), then r[t
⊗r
f ⊗ t
⊗s
fc ] is equivalent to r[tf ]
⊗r ⊗ r[tfc ]
⊗s.
Proof. Let τf be the fundamental corepresentation of SUq(2) and τfc its contragre-
dient. Let us notice that for i, j = 1, 2 we have that r[ti,j ] = (τf)ij , r[ti+2,j+2] =
qi−j(τfc)ij , r[t
∗
i,j] = (τfc)ij and r[t
∗
i+2,j+2] = q
j−i(τf)ij . By making use of the equiv-
alence between τf and τfc it is easy to conclude that r[t
⊗r
f ⊗ t
⊗s
fc ] for r + s = 2 is
13
equivalent to 4 τ⊗2f and then to r[tf ]
⊗r ⊗ r[tfc ]
⊗s. The result for generic r and s is
obtained by recurrence and by making use of the right Uq(4)–module structure of
the projection r.
As a consequence the decomposition of r[t⊗nf ] into irreducible corepresentations
of SUq(2) is the same as the classical one.
Let tn =
⊕
r+s≤n tr,s where tr,s = t
⊗r
f ⊗ t
⊗s
fc . We denote with C(tn) ⊂ Uq(4)
the subcoalgebra of the matrix elements of tn. We then have Uq(4) =
⋃
n∈NC(tn)
and we define S7q,n = C(tn) ∩ S
7
q . Obviously S
7
q,n is a Uq(4)–comodule with coaction
∆n = ∆|S7q,n . From the decomposition into irreducible corepresentations ∆n =∑
λ∈I(Uq(4))
mλ λ, where mλ ∈ N, we get S
7
q,n =
⊕
λ∈I(Uq(4))
j=1,··· ,mλ
S7 λ, jq,n .
Let ρ : V → SUq(2) ⊗ V be an irreducible SUq(2) corepresentation. We prove
the following Lemma.
Lemma 12 The dimension of S7q,nρ V doesn’t depend on q.
Proof. Let Pρ : S
7
q ⊗ V → S
7
q ρ V be the projection defined by Pρ(f ⊗ v) =∑
(f,v) f(0)h(f(1)S(v(−1)))⊗v(0), where h is the Haar measure on SUq(2). We obviously
have that Pρ(S
7
q,n ⊗ V ) =
⊕
λ∈I(Uq(4))
j=1,··· ,mλ
Pρ(S
7λ, j
q,n ⊗ V ). Then dimPρ(S
7
q,n ⊗ V ) =∑
λ∈I(Uq(4))
mλmρ(λ), where mρ(λ) = dimPρ(S
7 λ, j
q,n ⊗V ) equals the multiplicity of ρ
in the decomposition of r[λ] = (id⊗r) λ. Since the correspondence between classical
and quantum corepresentation preserves dimensions, the result follows.
Proof of Proposition 6. To show that {a, b, R} are coinvariants is a direct compu-
tation. Let Bq ⊂ Σ
4
q be the *–algebra generated by those elements. By the use of
the diamond lemma the monomials {a∗ i1ai2Rjb∗ k1bk2
∣∣ k1k2 = 0} are linearly inde-
pendent and they form a basis of Bq. Note that the same monomials form a basis
for the polynomial functions on the classical 4–sphere, and define a vector space
isomorphism which maps Bq,n = C(tn) ∩ Bq → PK(S
7
1,n), where PK = Pρ with ρ
being the identity corepresentation. Using the Lemma 12 we then have Bq = Σ
4
q .
Proof of Proposition 7. By a direct check it is easy to see that fi are in E = S
7
q τf C
2
and that the mapping fi → eiG, with (ei)j = δij, is a Σ
4
q–module morphism. Since
in the classical case it is clearly bijective the result follows by repeating the same
arguments of the proof of Proposition 6 and applying the Lemma 12 with ρ = τf .
Acknowledgments
The authors want to thank L. Dabrowski and G. Landi for having stimulated this
work and for the useful discussions on the subject and the referee for the constructive
suggestions. One of us (N.C.) would like to thank A.J.L. Sheu for his comments on
the paper.
14
References
[1] Atiyah, M. The geometry of Yang–Mills fields. Lezioni Fermiane. Accademia
Nazionale dei Lincei e Scuola Normale Superiore, Pisa (1979).
[2] Bonechi, F.; Ciccoli, N.; Giachetti, R.; Sorace, E.; Tarlini, M.: Unitarity of
induced representations from coisotropic quantum subgroups, Lett. Math. Phys.
49, 17–31 (1999).
[3] Bonechi, F.; Ciccoli, N.; Giachetti, R.; Sorace, E.; Tarlini, M.: The coisotropic
subgroup structure of SLq(2,R), J. Geom. Phys. 37, 190–200 (2001).
[4] Brzezin´ski, T.: On modules associated to coalgebra Galois extensions. J. Alge-
bra 215, 290–317 (1999).
[5] Brzezin´ski, T.; Hajac, P.M.: Coalgebra extensions and algebra coextensions of
Galois type. Comm. Alg. 27, 1347–1367 (1999).
[6] Brzezin´ski, T.; Majid, S.: Commun. Math. Phys. 157, 591-638 (1993) Erratum
167 235 (1995).
[7] Chari, V.; Pressley, A.: A Guide to Quantum Groups. Cambridge University
Press, (1994).
[8] Ciccoli, N.: Quantization of coisotropic subgroups. Lett. Math. Phys. 42, 123–
138 (1997).
[9] Connes, A.: Noncommutative Geometry. Academic Press, (1994).
[10] Connes, A.; Landi, G.: Noncommutative manifolds, the instanton algebra and
isospectral deformations. Commun. Math. Phys. 221, 141–159 (2001).
[11] Dabrowski,L.; Grosse,H.; Hajac, P.M.: Strong connections and Chern–Connes
pairing in the Hopf–Galois theory. math.QA/9912239.
[12] Dabrowski,L.; Landi, G.; Masuda, T.; Instantons on the quantum 4–spheres
S4q . Commun. Math. Phys. 221, 161–168 (2001).
[13] Doran, R.S.; Fell J.M.G.: Representations of *–Algebras, Locally Compact
Groups, and Banach *–Algebraic Bundles: Vol I. Academic Press New York,
(1988).
[14] Durdevic, M.; Geometry of quantum principal bundles I. Commun. Math. Phys.
175, 457–521 (1996)
[15] Etingof, P.; Kazhdan, D.: Quantization of Poisson algebraic groups and Poisson
homogeneous spaces, in Proceedings of Les Houches Summer School, Session
LXIV, A Connes et al. eds., pp 935–946 (1998).
15
[16] Klimyk, A.; Schmu¨dgen K.: Quantum Groups and Their Representations.
Springer–Verlag Berlin, (1997).
[17] Koelink, E.: On quantum groups and q-special function. Ph.D. thesis University
of Leiden (1991).
[18] Hajac, P.M.; Majid, S.: Projective module description of the q-monopole. Com-
mun. Math. Phys. 206, 247–264 (1999).
[19] Loday, J.L.: Cyclic Homology. Springer–Verlag Berlin, (1992).
[20] Lu, J.H.: Multiplicative and affine Poisson structures on Lie groups. Ph.D.
thesis University of California, Berkeley (1990).
[21] Lu, J.H.; Weinstein, A.: Poisson–Lie groups, dressing transformation and
Bruhat decompositions. J. Diff. Geom., 31, 501–526 (1990).
[22] Masuda, T.; Nakagami, Y.; Watanabe, J.: Noncommutative differential geom-
etry on the quantum two sphere of Podles`. I: An algebraic viewpoint. K–theory
5, 151–175 (1991).
[23] Mu¨ller, E.F.; Schneider, H.J.: Quantum homogeneous spaces with faithfully
flat module structure. Isr. J. Math. 31, 501–526 (1999).
[24] Nagy, G.: On the Haar measure of the quantum SU(N) group. Commun. Math.
Phys. 153, 217–228 (1993).
[25] Nekrasov, N.; Schwarz, A.: Instantons on noncommutative R4, and (2, 0) Su-
perconformal Six Dimensional Theory. Commun. Math. Phys. 198, 689–703
(1998).
[26] Pflaum, M.; Quantum groups on fibre bundles. Commun. Math. Phys. 166,
279-316 (1994).
[27] Podles´, P.: Quantum spheres. Lett. Math. Phys. 14, 193–202 (1987).
[28] Schneider, H.J.: Principal homogeneous spaces for arbitrary Hopf algebras. Isr.
J. Math. 72, 167–195 (1990).
[29] Vaisman I.: Lectures on the geometry of Poisson manifolds. Progress in Math.,
118, Birkha¨user Verlag, (1994).
[30] Vaksman, L.L.; Soibelman, Ya.: Algebra of functions on the quantum group
SU(N+1) and odd dimensional quantum spheres. Leningrad Math. J. 2, 1023–
1042 (1991).
16
